This paper investigates the second order nonlinear neutral delay difference equation a n (x n + bx n-τ
Introduction
In recent years there has been much research activity concerning the oscillation, nonoscillation and existence of solutions for various second order difference equations, for example, see [-] and the references therein.
By using the Z p geometrical index theory, Guo and Yu [] obtained some sufficient conditions on the multiplicity results of periodic solutions to the second order difference equation 
relative to all b ∈ R. Inspired and motivated by the work in [-], we introduce and study the following more general second order nonlinear neutral difference equation:
where b ∈ R, τ , k ∈ N, n  ∈ N  , {a n } n∈N n  and {c n } n∈N n  are real sequences with a n =  for n ∈ N n  , {d n } n∈N n  is a bounded sequence, f , g :
Using the Banach fixed point theorem, we obtain sufficient conditions of the existence of uncountably many bounded nonoscillatory solutions for equation (.) relative to b ∈ R \ {±}, suggest a few Mann type iterative approximation methods with errors for these bounded nonoscillatory solutions and study error estimates between the approximation sequences and the bounded nonoscillatory solutions. The results obtained in this paper extend and improve the corresponding results in [, ]. Four nontrivial examples are given to demonstrate the effectiveness of our results.
Preliminaries
Throughout this paper, we assume that is the forward difference operator defined by x n = x n+ -x n ,  x n = ( x n ), A and B are positive constants with B > A, R = (-∞, +∞), Z, N and N  stand for the sets of all integers, positive integers and nonnegative integers, respectively,
and d and d are two constants with
Let l ∞ β denote the Banach space of all bounded sequences in Z β with norm
It is easy to see that ({A n } n∈Z β , {B n } n∈Z β ) is a bounded closed and convex subset of l ∞ β . By a solution of equation (.), we mean a sequence {x n } n∈Z β with a positive integer T ≥ n  +τ +|β| such that equation (.) is satisfied for all n ≥ T. As is customary, a solution of equation (.) is said to be oscillatory if it is neither eventually positive nor eventually negative. Otherwise, it is said to be nonoscillatory.
Lemma . ([])
Let {α n } n∈N  , {β n } n∈N  , {γ n } n∈N  and {t n } n∈N  be four nonnegative sequences satisfying the inequality
Existence of uncountably many bounded nonoscillatory solutions
Now we study the existence of uncountably bounded nonoscillatory solutions for equation (.) with respect to b ∈ R \ {±}, suggest a few Mann iterative approximation schemes with errors for these bounded nonoscillatory solutions and discuss the errors estimates between the iterative approximations and the bounded nonoscillatory solutions. 
for all m ∈ N  , generated by the scheme:
and has the following errors estimate:
where 
In order to prove (i), we now define a mapping
for any x = {x n } n∈Z β ∈ ({A n } n∈Z β , {B n } n∈Z β ), and show that S L has a fixed point, which is also a bounded nonoscillatory solution of equation (.).
Let
In view of (.), (.), and (.), we get for any n ≥ T
By (.), (.), and (.), we infer that for each n ≥ T
Hence (.) and (.) mean that S L is a contraction mapping in ({A n } n∈Z β , {B n } n∈Z β ) and it has a unique fixed point
and
That is, the fixed point
In light of (.), (.), (.), and (.), we deduce that for all n ≥ T and m ∈ N  |z m+,n -
which implies that (.) holds. It follows from (.), (.), and Lemma . that lim m→∞ z m = x.
Next we prove (ii). It follows from (
and S L are replaced by θ j , T j , L j and S T j , j ∈ {, }, respectively. In view of (.) there exists
Obviously, the contraction mappings S L  and S L  have the unique fixed points x = {x n } n∈Z β , y = {y n } n∈Z β ∈ ({A n } n∈Z β , {B n } n∈Z β ), respectively. That is, x and y are bounded nonoscillatory solutions of equation (.) in ({A n } n∈Z β , {B n } n∈Z β ). In the following, we show only that x = y. In view of (.), we arrive at
which together with (.) yield
that is, x = y. This completes the proof. 
Theorem . Let b ∈ (-, ], A and B be two positive constants with B > A + b +b (d -d). Assume that there exist four real sequences {P
). On account of (.) and b ∈ (-, ], there exist θ ∈ (, ) and T ≥ n  + τ + |β| satisfying
The rest of the proof is similar to that of Theorem . and is omitted. This completes the proof.
Theorem . Let b ∈ (, +∞), A and B be two positive constants with B
there exist θ ∈ (, ) and T ≥ n  + τ + |β| such that for each z  = {z ,n } n∈Z β ∈ ({A n } n∈Z β , {B n } n∈Z β ), the Mann iterative sequence with errors {z m } m∈N  , where z m = {z m,n } n∈Z β ∈ ({A n } n∈Z β , {B n } n∈Z β ) for all m ∈ N  , generated by the schemes: 
In view of (.) and b ∈ (, +∞), there exist θ ∈ (, ) and T ≥ n  + τ + |β| such that
), and (.), we deduce that for any
which means (.). By (.), (.), and (.), we infer that for each n ≥ T
which imply (.). Consequently S L is a contraction mapping in ({A n } n∈Z β , {B n } n∈Z β ) and it has a unique fixed point x = {x n } n∈Z β ∈ ({A n } n∈Z β , {B n } n∈Z β ). It follows from (.) that
That is, x = {x n } n∈Z β ∈ ({A n } n∈Z β , {B n } n∈Z β ) is a bounded nonoscillatory solution of equation (.).
It follows from (.), (.), (.), and (.) that for any n ≥ T and m ∈ N  
Let the mapping S L be defined by (.). The rest of the proof is similar to that of Theorem . and is omitted. This completes the proof.
